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Machine-Type Communications: Origins 
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Reality Wireless Access Server 

Autonomous monitoring & metering purpose 
•  End of 90s: First conceptual research on “sensor networks” 
•  Mid 2000: First standards (802.15.4, 6LowPAN) 
•  ~2010: Picked up by cellular networking industry (M2M business) 

Sensors 



Closing the Loop … 

Reality Wireless Access Server Sensors 

Actuators ! 

•  Closed-loop control (driven by autonomy trend) 
•  Dependability becomes the focus: Latency & reliability 

è Critical machine-to-machine communications! 
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Critical M2M: Challenges 

•  Smart grid 
 Tmax < 5 ms  &  Pout < 10-5 

•  Industrial automation 
 Tmax < 1 ms  &  Pout < 10-7  

•  Traffic safety 
 Tmax < 10 ms  &  Pout < 10-5 

•  Tactile interaction over a network 
 Tmax < 10 ms  &  Pout < 10-6 
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Critical M2M possible at all? 
Efficient system design? 

 



Open Issues  

 
•  Are such communication systems feasible at all? 
•  How to realize such systems efficiently? 

 è Information/Communication/Queuing Theory 
  

•  How to develop such systems in practise? 
•  How to guarantee system properties at run-time? 

 è Validation / Verification 
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Basic System Model 
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Rayleigh Fading 

Steady-State Delay ? 



Considered Problems 

•  Probabilistic delay characterization under  
•  Finite blocklength coding 
•  Interference channel 
•  Edge computing scenarios 
•  Multi-hop systems (sub 6GHz / 60 GHz) 

•  Always gives rise to optimization questions as follow-up  
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WirelessHART System 
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•  Gateway 
•  Network manager 
•  Security manager 
•  Devices 

•  WirelessHART enabled 
•  Adapters for HART 

•  Access points, repeater 

© HART Comm. Found. 



WirelessHART System II 
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•  Realizes a scheduled TDMA  system 
•  Basic scheduling unit: One cell (time/frequency resource) 
•  Cells are scheduled for transmission from node to node 

•  Avoids collisions, increases reliability 



WirelessHART System III 
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•  Cell assignments repeat after a certain time span, called a  
superframe, The superframe repeats itself afterwards, but  
all cells change their channel è  realizes channel hopping! 

•  Routing realized on top 



Basic Problem 

•  Single route with varying links è Queues build up! 

•  If we had a model of the stochastic end-to-end delay: 
•  We could schedule resources more efficiently 
•  Perform optimal routing according to required QoS 
•  And more …. 
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Fig. 1: Illustration of the system model

• A proof for the convexity of the delay bound is provided and an evaluation of the bound-

based power minimization compared to simulation-based power optimization, i.e., using the

exact delay process instead of a delay bound, is presented.

We conduct our analysis and evaluation using two different channel capacity models, (i) an

‘ideal’ Shannon-capacity-based model, and (ii) a more realistic WirelessHART (IEEE 802.15.4)-

based link model. The results that we obtained for power gain (using Shannon-based capacity)

and network lifetime extension (assuming an IEEE 802.15.4-based link capacity) offer significant

insights into multi-hop network design, considering heterogeneity of both channel gain as well

as battery charge-state (i.e., initial energy level).

The remaining paper is organized as follows: Section II presents the system model and the

problem statement. In Section III we present the closed-form of the end-to-end delay bound

for heterogeneous wireless networks. These results are the basis for the power minimization

algorithms presented in Section IV. We discuss the numerical evaluation of the algorithms in

Section V. Finally, Section VI concludes the paper.

II. SYSTEM MODEL AND PROBLEM STATEMENT

We consider the communication between a source node r and a destination node d within a

multi-hop wireless network (see Fig. 1). Let the multi-hop path in question, illustrated with the

solid lines in Fig. 1, be given with an ordered set of buffered links, i.e., L = {1, .., N}, where

N is the number of links constituting path L. We assume a time-slotted system where every link

is assigned a time slot of fixed-length T . The nodes propagate the packets along the path every

time they are allocated a transmission time slot, according to a given scheduling algorithm. As

soon as a packet reaches the destination node, it is passed to its application layer without any

additional delay.



System Model 

•  Time-slotted system operation with index t 
•  Cumulative arrival process A(s,t) 
•  n concatenated wireless service processes Si(s,t) 
•  Wireless links are independent in time and space 

•  Rayleigh-fading links with average SNR γi 
•  Service increment given by si(t) = log2( 1+ γi ) 
•  Backlogged data at each hop is queued under FIFO 
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Fig. 1. A model for multi-hop network.

The queuing network based solutions, including the ones
mentioned above, rely heavily on conformity assumptions,
e.g., regarding traffic and service distributions, which limits
their applicability in wireless networks with fading channels.
In most cases, the queuing theory approach results in average
guarantees on the delay performance. An alternative approach
to performance analysis of multi-hop wireless networks is the
stochastic network calculus [6]. Extensive work on end-to-end
delay analysis using stochastic network calculus can be found
in the literature. More recently, it is being applied to the per-
formance analysis of wireless networks, e.g., [7]–[11]. Zheng
et al. [7] conducted delay and backlog analysis of wireless
Rayleigh-fading channels, using a finite-state Markov channel
model without considering multi-hop paths. Ciucu et al. [8],
[9] provide non-asymptotic throughput and delay bounds for
multi-hop wireless networks. The node capacity is assumed to
be limited by the interference from other transmitters in the
network, i.e., slotted-ALOHA. Ciucu et al. [10] extends this
analysis and shows how to fit MAC protocols into the proposed
methodology, highlighting when multi-hop routing is more
advantageous than single-hop routing. However, none of [8]–
[10] incorporates the underlying fading channel characteristics.
Fidler [11] investigates probabilistic performance guarantees
of wireless fading channels using moment generating function-
based stochastic network calculus. The underlying physical
channel model is represented by the two state Gilbert-Elliott
model. Although the proposed solution represents a useful
model to derive backlog and delay bounds for wireless links,
due to the complexity of the service model, it is not feasible
to be applied to multi-hop networks.

III. PRELIMINARIES

In this section we present the basic system model as well as
the problem statement. A brief overview of stochastic network
calculus, as a foundation for our derivations, is also provided.

A. System Model and Problem Statement

We consider a single traffic flow, or an aggregate of flows,
traversing a multi-hop path consisting of n buffered wireless
links as shown in Fig.1. The path is represented by an ordered
set L = {1, . . . , n}. Time is slotted with periods T . We assume
a fluid flow traffic model. Per time slot i a random amount
of bits a

i

arrive to the first link and are stored in its queue
until transmission. Furthermore, per time slot i each link j can
transport a randomly varying amount of c

i,j

bits. Data arriving
at the last node departs from the system (i.e. it is passed to
the application etc.) without any additional delay.

The random service process c

i,j

of each link is a result
of the randomly varying signal-to-noise ratio �

i,j

(SNR) at

the receiver of the corresponding link. Assuming link j to be
operated with a transmit power of P

tx

, the SNR is obtained as
�

i,j

=

P

tx

·h2

i,j

�

2

, where h

2

i,j

denotes the instantaneous channel
gain and �

2 denotes the noise power. The channel gain h

2

i,j

is a random variable and is assumed in the following to
have an arbitrarily different distribution per link. A common
assumption for the channel gain is Rayleigh fading, resulting
in an exponentially distributed channel gain, and therefore
also an exponentially distributed SNR �

i,j

with average �̄

j

.
A block-fading model [12] is assumed in the following, i.e.
the instantaneous SNR remains constant within a given time
slot, while it varies independently from one time slot to the
next. In addition, we assume the SNR of different links to
be statistically independent. Given this random SNR �

i,j

, the
link service capacity c

i,j

follows from Shannon’s formula as
c

i,j

= N · log
2

(1 + �

i,j

), where N denotes the number of
symbols that can be transmitted during one time slot.

We define W (t) as the random delay, which bits entering
the system at slot t will experience while being conveyed to the
destination. In the following we are interested in a probabilistic
bound on this end-to-end delay and will derive it based on
stochastic network calculus.

B. Stochastic Network Calculus

The delay analysis of a multi-hop path with queuing effects
has traditionally been a hard problem. As we are mainly
interested in a stochastic behavior of the links (due to our
interest in wireless networks), we restrict the discussion in
the following to stochastic network calculus [6], [13]. In this
theory, a queuing network with stochastic arrival and departure
process is considered, where the bivariate functions A(⌧, t),
D(⌧, t) and S(⌧, t) (for any 0  ⌧  t) denote the cumulative
arrival to the system, departure from the system as well as
service of the system, respectively. More precisely, let us
assume for now a single wireless link. Denote by d

i

the
stochastic departure of bits from the system during time slot
i (i.e. the bits that are leaving the system), while a

i

and c

i

denote the (stochastic) arrival to and the (stochastic) service
offered by the system, respectively, during time slot i. The
cumulative functions follow as A(⌧, t) =

P
t�1

i=⌧

a

i

for the
arrival process, D(⌧, t) =

P
t�1

i=⌧

d

i

for the departure process
and S(⌧, t) =

P
t�1

i=⌧

c

i

for the service process.
Stationary performance bounds can be obtained only when

the analyzed system satisfies a stability condition. A queuing
system is stable when the average arrival rate is smaller than
the average service rate, that is:

lim

t!1

A(0, t)

t

< lim

t!1

S(0, t)

t

.

In our analysis, S(⌧, t) is a dynamic server satisfying:

D(0, t) � A⌦ S (0, t) ,

where ⌦ is the (min,+) convolution operator1, defined as

1Network calculus is a system-theoretic interpretation of the dynamics
of a queuing system based on (min,+) algebra. This unusual algebra is a
significant obstacle to overcome when trying to understand the theory.



Mellin Transform-Based Network Calculus 

•  Novel approach for wireless queuing analysis 

 
•  Performance analysis by Mellin transform (Shannon cap.) 
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Bit Domain 

SNR Domain 

H. Al-Zubaidy, J. Liebeherr, and A. Burchard, “A (min,x) Network 
Calculus for Multi-Hop Fading Channels,” Proc. IEEE Infocom 2014. 

x ⌦ y (⌧, t) = inf

t�u�⌧

{x(⌧, u) + y(u, t)}. Based on this,
we also define the (min,+) deconvolution as x ↵ y (⌧, t) =

sup

⌧�u�0

{x(u, t)� y(u, ⌧)}. Under these assumptions we
are interested in the stochastic delay W (t) of the system
at time t, which directly results from the definition of the
cumulative arrival and departure:

W (t)  inf{u � 0 : A↵ S(t+ u, t)  0} . (1)

More precisely, as A(⌧, t) and D(⌧, t) are stochastic bivariate
functions, we are interested in a probabilistic bound on W (t)

in the form of Pr [W (t) > w

"

]  ", which is also known as
the violation probability for a target delay w

". Such a bound
can be found based on the moment generating function (MGF)
of the cumulative arrival and service processes for any ✓ [13]:

M
A(⌧,t)

(✓) = E

h
e

✓A(⌧,t)

i
,M

S(⌧,t)

(✓) = E

h
e

✓S(⌧,t)

i
.

A bound on the delay as given by Eq. (1) follows from a bound
on the deconvolution of the moment generating functions [13].
However, determining the MGF of the cumulative service
process of wireless systems has been found to be a notoriously
difficult problem, as also witnessed in the context of the
effective service capacity of wireless systems [14].

Recently, a more promising approach for wireless networks
has been proposed in [1], where the queuing behavior is
analyzed directly in the ”domain” of channel variations in-
stead of the bit domain. This can be interpreted as the SNR
domain (thinking of bits as ”SNR demands” that reside in
the system until these demands can be met by the channel),
in contrast to the bit domain addressed by the MGF-based
analysis. To start with, the cumulative arrival, service and
departure processes in the bit domain, i.e., A,D and S,
are related to their SNR domain counterparts (represented in
the following by calligraphic upper case letters A,D and S
respectively), through the exponential function. Thus, we have
A(⌧, t) , e

A(⌧,t)

,D(⌧, t) , e

D(⌧,t) and S(⌧, t) , e

S(⌧,t).
Due to the exponential function, these cumulative functions
become products of the increments in the bit domain, i.e., for
the cumulative service process in the SNR domain we have:

S(⌧, t) =
t�1Y

i=⌧

e

ci
=

t�1Y

i=⌧

(1 + �

i

)

N
=

t�1Y

i=⌧

g (�

i

) ,

where N = N/ ln 2. Furthermore, the delay at time t is
obtained in analogy to Eq. (1)2:

W(t) = W (t)  inf{u � 0 : A↵ S(t+ u, t)  1} .

As with the MGF-based analysis approach, a bound " for
the delay violation probability Pr [W (t) > w

"

] can be derived
based on a transform of the cumulative arrival and service
processes in the SNR domain. In [1] it was shown that such
a violation probability bound for a given w

" must satisfy:

inf

s>0

{K(s, t+ w

"

, t)}  " . (2)

2In the SNR domain the system-theoretic interpretation of the queuing
dynamics is based now on (min,⇥) algebra due to the exponential function
in the definition of the cumulative arrival, service and departure processes.

We refer to the function K (s, ⌧, t) as kernel defined as:

K(s, ⌧, t) =

min(⌧,t)X

i=0

MA(1 + s, i, t) · MS(1� s, i, ⌧). (3)

The function M
X

(s) is the Mellin transform [15] of a random
process, defined as:

M
X

(s, ⌧, t) = M
X(⌧,t)

(s) = E

⇥
X

s�1

(⌧, t)

⇤
, s 2 R .

In the following, we will assume A (⌧, t) and S (⌧, t) to have
stationary increments. We denote them by ↵ for the arrivals
(in SNR domain) and g (�) for the service. Hence, the Mellin
transform becomes independent of the time instance, which
we account for by denoting M

X

(s, ⌧, t) = M
X

(s, t� ⌧).
In addition, as we only consider stable queuing systems in
a steady state, the kernel becomes independent of the time
instance t and we denote K (s, t+ w, t)

t!1
= K (s,�w).

The strength of the Mellin-transform-based approach be-
comes apparent when considering block-fading channels. The
Mellin transform for the cumulative service process in SNR
domain is given by:

MS (s, ⌧, t) =

t�1Y

i=⌧

M
g(�)

(s) = Mt�⌧

g(�)

(s) = MS (s, t� ⌧) ,

where M
g(�)

(s) is the Mellin transform of the (stationary)
service increment g (�) in the SNR domain. The function
g (·) represents here the modification of the SNR due to the
Shannon formula. However, it can also model more complex
system characteristics, most importantly scheduling effects.

Assuming Rayleigh fading, i.e., an exponentially distributed
SNR at the receiver, the Mellin transform of the service will
result into:

M
g(�)

(s) =

h
e

1

/�̄ · �̄N (s�1)

� (N (s� 1) + 1,

1

/�̄)

i
,

where �(x, y) =

R1
y

t

x�1

e

�t

dt is the incomplete gamma
function.

Assuming the cumulative arrival process in SNR domain to
have independent increments and denoting its corresponding
Mellin transform by MA (s, t� ⌧) =

Q
t�1

i=⌧

M
↵

(s), the
steady-state kernel for a Rayleigh-fading wireless channel
results into:

K (s,�w) =

Mw

g(�)

(1� s)

1�M
↵

(1 + s) · M
g(�)

(1� s)

=

⇣
e

1

/�̄ · �̄�sN · �(1� sN ,

1

�̄

)

⌘
w

1�M
↵

(1 + s) · e1

/�̄ · �̄�sN · �(1� sN ,

1

�̄

)

(4)

for any s > 0 under the stability condition:

M
↵

(1 + s) · M
g(�)

(1� s) < 1 . (5)



System Model II 

•  Stochastic delay at time t : W(t) 

•  Probabilistic bound 
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where C = C/ log 2. Furthermore, in case of first-come first-served order, the delay at time t is

obtained as follows

W (t) = W(t) = inf{i � 0 : A(0, t)/D(0, t+ i)  1}. (6)

An upper bound " for the delay violation probability Pr [W (t) > w

"

] can be derived based on a

transform of the cumulative arrival and service processes in the SNR domain using the moment

bound. In [7], it was shown that such a violation probability bound for a given w

" can be obtained

as inf

s>0

{K(s, t+ w

"

, t)}.

We refer to the function K (s, ⌧, t) as the kernel defined as

K(s, ⌧, t) =

min(⌧,t)X

i=0

MA(1 + s, i, t)MS(1� s, i, ⌧), (7)

where the function MX (s) is the Mellin transform [31] of a random process, defined as

MX (s, ⌧, t) = MX (⌧,t)

(s) = E
⇥
X s�1

(⌧, t)

⇤
, (8)

for any s 2 C, whenever the expectation exists. We restrict our derivations in this work to

real valued3
s 2 R. Introducing the Mellin transform in the performance analysis of wireless

fading channels results into tractable mathematical expressions when computing network cal-

culus bounds, which in turn results in scalable closed-form solutions. Using the assumption

of stationary increments of the arrival and service processes, their Mellin transforms become

independent of the time instance, and hence we write MX (s, t� ⌧). In addition, as we only

consider stable queuing systems in steady-state, the kernel becomes independent of the time

instance t and we denote K (s, t+ w

"

, t)

t!1
= K (s,�w

"

).

The strength of the Mellin-transform-based approach becomes apparent when considering

block-fading channels. The Mellin transform for the cumulative service process in SNR domain

is given by

MS (s, ⌧, t) =

t�1Y

i=⌧

M
g(�)

(s) = Mt�⌧

g(�)

(s) = MS (s, t� ⌧) ,

where M
g(�)

(s) is the Mellin transform of the stationary and independent service increment

g (�) in the SNR domain. The function g (·) is associated with the channel capacity of a point-

to-point fading channel as defined by Eq. (4). However, it can also model more complex system

3We note that by definition of X (⌧, t) = eX(⌧,t), the Mellin transform MX (s, ⌧, t) = E
h
e(s�1)X(⌧,t)

i
after substitution

of parameter s = ✓ + 1 implies also a solution for the moment-generating function (MGF), that is the basis of the effective

capacity model [27] and of an MGF network calculus [18].

x ⌦ y (⌧, t) = inf

t�u�⌧

{x(⌧, u) + y(u, t)}. Based on this,
we also define the (min,+) deconvolution as x ↵ y (⌧, t) =

sup

⌧�u�0

{x(u, t)� y(u, ⌧)}. Under these assumptions we
are interested in the stochastic delay W (t) of the system
at time t, which directly results from the definition of the
cumulative arrival and departure:

W (t)  inf{u � 0 : A↵ S(t+ u, t)  0} . (1)

More precisely, as A(⌧, t) and D(⌧, t) are stochastic bivariate
functions, we are interested in a probabilistic bound on W (t)

in the form of Pr [W (t) > w

"

]  ", which is also known as
the violation probability for a target delay w

". Such a bound
can be found based on the moment generating function (MGF)
of the cumulative arrival and service processes for any ✓ [13]:

M
A(⌧,t)

(✓) = E

h
e

✓A(⌧,t)

i
,M

S(⌧,t)

(✓) = E

h
e

✓S(⌧,t)

i
.

A bound on the delay as given by Eq. (1) follows from a bound
on the deconvolution of the moment generating functions [13].
However, determining the MGF of the cumulative service
process of wireless systems has been found to be a notoriously
difficult problem, as also witnessed in the context of the
effective service capacity of wireless systems [14].

Recently, a more promising approach for wireless networks
has been proposed in [1], where the queuing behavior is
analyzed directly in the ”domain” of channel variations in-
stead of the bit domain. This can be interpreted as the SNR
domain (thinking of bits as ”SNR demands” that reside in
the system until these demands can be met by the channel),
in contrast to the bit domain addressed by the MGF-based
analysis. To start with, the cumulative arrival, service and
departure processes in the bit domain, i.e., A,D and S,
are related to their SNR domain counterparts (represented in
the following by calligraphic upper case letters A,D and S
respectively), through the exponential function. Thus, we have
A(⌧, t) , e

A(⌧,t)

,D(⌧, t) , e

D(⌧,t) and S(⌧, t) , e

S(⌧,t).
Due to the exponential function, these cumulative functions
become products of the increments in the bit domain, i.e., for
the cumulative service process in the SNR domain we have:

S(⌧, t) =
t�1Y

i=⌧

e

ci
=

t�1Y

i=⌧

(1 + �

i

)

N
=

t�1Y

i=⌧

g (�

i

) ,

where N = N/ ln 2. Furthermore, the delay at time t is
obtained in analogy to Eq. (1)2:

W(t) = W (t)  inf{u � 0 : A↵ S(t+ u, t)  1} .

As with the MGF-based analysis approach, a bound " for
the delay violation probability Pr [W (t) > w

"

] can be derived
based on a transform of the cumulative arrival and service
processes in the SNR domain. In [1] it was shown that such
a violation probability bound for a given w

" must satisfy:

inf

s>0

{K(s, t+ w

"

, t)}  " . (2)

2In the SNR domain the system-theoretic interpretation of the queuing
dynamics is based now on (min,⇥) algebra due to the exponential function
in the definition of the cumulative arrival, service and departure processes.

We refer to the function K (s, ⌧, t) as kernel defined as:

K(s, ⌧, t) =

min(⌧,t)X

i=0

MA(1 + s, i, t) · MS(1� s, i, ⌧). (3)

The function M
X

(s) is the Mellin transform [15] of a random
process, defined as:

M
X

(s, ⌧, t) = M
X(⌧,t)

(s) = E

⇥
X

s�1

(⌧, t)

⇤
, s 2 R .

In the following, we will assume A (⌧, t) and S (⌧, t) to have
stationary increments. We denote them by ↵ for the arrivals
(in SNR domain) and g (�) for the service. Hence, the Mellin
transform becomes independent of the time instance, which
we account for by denoting M

X

(s, ⌧, t) = M
X

(s, t� ⌧).
In addition, as we only consider stable queuing systems in
a steady state, the kernel becomes independent of the time
instance t and we denote K (s, t+ w, t)

t!1
= K (s,�w).

The strength of the Mellin-transform-based approach be-
comes apparent when considering block-fading channels. The
Mellin transform for the cumulative service process in SNR
domain is given by:

MS (s, ⌧, t) =

t�1Y

i=⌧

M
g(�)

(s) = Mt�⌧

g(�)

(s) = MS (s, t� ⌧) ,

where M
g(�)

(s) is the Mellin transform of the (stationary)
service increment g (�) in the SNR domain. The function
g (·) represents here the modification of the SNR due to the
Shannon formula. However, it can also model more complex
system characteristics, most importantly scheduling effects.

Assuming Rayleigh fading, i.e., an exponentially distributed
SNR at the receiver, the Mellin transform of the service will
result into:

M
g(�)

(s) =

h
e

1

/�̄ · �̄N (s�1)

� (N (s� 1) + 1,

1

/�̄)

i
,

where �(x, y) =

R1
y

t

x�1

e

�t

dt is the incomplete gamma
function.

Assuming the cumulative arrival process in SNR domain to
have independent increments and denoting its corresponding
Mellin transform by MA (s, t� ⌧) =

Q
t�1

i=⌧

M
↵

(s), the
steady-state kernel for a Rayleigh-fading wireless channel
results into:

K (s,�w) =

Mw

g(�)

(1� s)

1�M
↵

(1 + s) · M
g(�)

(1� s)

=

⇣
e

1

/�̄ · �̄�sN · �(1� sN ,

1

�̄

)

⌘
w

1�M
↵

(1 + s) · e1

/�̄ · �̄�sN · �(1� sN ,

1

�̄

)

(4)

for any s > 0 under the stability condition:

M
↵

(1 + s) · M
g(�)

(1� s) < 1 . (5)

x ⌦ y (⌧, t) = inf

t�u�⌧

{x(⌧, u) + y(u, t)}. Based on this,
we also define the (min,+) deconvolution as x ↵ y (⌧, t) =

sup

⌧�u�0

{x(u, t)� y(u, ⌧)}. Under these assumptions we
are interested in the stochastic delay W (t) of the system
at time t, which directly results from the definition of the
cumulative arrival and departure:

W (t)  inf{u � 0 : A↵ S(t+ u, t)  0} . (1)

More precisely, as A(⌧, t) and D(⌧, t) are stochastic bivariate
functions, we are interested in a probabilistic bound on W (t)

in the form of Pr [W (t) > w

"

]  ", which is also known as
the violation probability for a target delay w

". Such a bound
can be found based on the moment generating function (MGF)
of the cumulative arrival and service processes for any ✓ [13]:

M
A(⌧,t)

(✓) = E

h
e

✓A(⌧,t)

i
,M

S(⌧,t)

(✓) = E

h
e

✓S(⌧,t)

i
.

A bound on the delay as given by Eq. (1) follows from a bound
on the deconvolution of the moment generating functions [13].
However, determining the MGF of the cumulative service
process of wireless systems has been found to be a notoriously
difficult problem, as also witnessed in the context of the
effective service capacity of wireless systems [14].

Recently, a more promising approach for wireless networks
has been proposed in [1], where the queuing behavior is
analyzed directly in the ”domain” of channel variations in-
stead of the bit domain. This can be interpreted as the SNR
domain (thinking of bits as ”SNR demands” that reside in
the system until these demands can be met by the channel),
in contrast to the bit domain addressed by the MGF-based
analysis. To start with, the cumulative arrival, service and
departure processes in the bit domain, i.e., A,D and S,
are related to their SNR domain counterparts (represented in
the following by calligraphic upper case letters A,D and S
respectively), through the exponential function. Thus, we have
A(⌧, t) , e

A(⌧,t)

,D(⌧, t) , e

D(⌧,t) and S(⌧, t) , e

S(⌧,t).
Due to the exponential function, these cumulative functions
become products of the increments in the bit domain, i.e., for
the cumulative service process in the SNR domain we have:

S(⌧, t) =
t�1Y

i=⌧

e

ci
=

t�1Y

i=⌧

(1 + �

i

)

N
=

t�1Y

i=⌧

g (�

i

) ,

where N = N/ ln 2. Furthermore, the delay at time t is
obtained in analogy to Eq. (1)2:

W(t) = W (t)  inf{u � 0 : A↵ S(t+ u, t)  1} .

As with the MGF-based analysis approach, a bound " for
the delay violation probability Pr [W (t) > w

"

] can be derived
based on a transform of the cumulative arrival and service
processes in the SNR domain. In [1] it was shown that such
a violation probability bound for a given w

" must satisfy:

inf

s>0

{K(s, t+ w

"

, t)}  " . (2)

2In the SNR domain the system-theoretic interpretation of the queuing
dynamics is based now on (min,⇥) algebra due to the exponential function
in the definition of the cumulative arrival, service and departure processes.

We refer to the function K (s, ⌧, t) as kernel defined as:

K(s, ⌧, t) =

min(⌧,t)X

i=0

MA(1 + s, i, t) · MS(1� s, i, ⌧). (3)

The function M
X

(s) is the Mellin transform [15] of a random
process, defined as:

M
X

(s, ⌧, t) = M
X(⌧,t)

(s) = E

⇥
X

s�1

(⌧, t)

⇤
, s 2 R .

In the following, we will assume A (⌧, t) and S (⌧, t) to have
stationary increments. We denote them by ↵ for the arrivals
(in SNR domain) and g (�) for the service. Hence, the Mellin
transform becomes independent of the time instance, which
we account for by denoting M

X

(s, ⌧, t) = M
X

(s, t� ⌧).
In addition, as we only consider stable queuing systems in
a steady state, the kernel becomes independent of the time
instance t and we denote K (s, t+ w, t)

t!1
= K (s,�w).

The strength of the Mellin-transform-based approach be-
comes apparent when considering block-fading channels. The
Mellin transform for the cumulative service process in SNR
domain is given by:

MS (s, ⌧, t) =

t�1Y

i=⌧

M
g(�)

(s) = Mt�⌧

g(�)

(s) = MS (s, t� ⌧) ,

where M
g(�)

(s) is the Mellin transform of the (stationary)
service increment g (�) in the SNR domain. The function
g (·) represents here the modification of the SNR due to the
Shannon formula. However, it can also model more complex
system characteristics, most importantly scheduling effects.

Assuming Rayleigh fading, i.e., an exponentially distributed
SNR at the receiver, the Mellin transform of the service will
result into:

M
g(�)

(s) =

h
e

1

/�̄ · �̄N (s�1)

� (N (s� 1) + 1,

1

/�̄)

i
,

where �(x, y) =

R1
y

t

x�1

e

�t

dt is the incomplete gamma
function.

Assuming the cumulative arrival process in SNR domain to
have independent increments and denoting its corresponding
Mellin transform by MA (s, t� ⌧) =

Q
t�1

i=⌧

M
↵

(s), the
steady-state kernel for a Rayleigh-fading wireless channel
results into:

K (s,�w) =

Mw

g(�)

(1� s)

1�M
↵

(1 + s) · M
g(�)

(1� s)

=

⇣
e

1

/�̄ · �̄�sN · �(1� sN ,

1

�̄

)

⌘
w

1�M
↵

(1 + s) · e1

/�̄ · �̄�sN · �(1� sN ,

1

�̄

)

(4)

for any s > 0 under the stability condition:

M
↵

(1 + s) · M
g(�)

(1� s) < 1 . (5)
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where C = C/ log 2. Furthermore, in case of first-come first-served order, the delay at time t is

obtained as follows

W (t) = W(t) = inf{i � 0 : A(0, t)/D(0, t+ i)  1}. (6)

An upper bound " for the delay violation probability Pr [W (t) > w

"

] can be derived based on a

transform of the cumulative arrival and service processes in the SNR domain using the moment

bound. In [7], it was shown that such a violation probability bound for a given w

" can be obtained

as inf

s>0

{K(s, t+ w

"

, t)}.

We refer to the function K (s, ⌧, t) as the kernel defined as

K(s, ⌧, t) =

min(⌧,t)X

i=0

MA(1 + s, i, t)MS(1� s, i, ⌧), (7)

where the function MX (s) is the Mellin transform [31] of a random process, defined as

MX (s, ⌧, t) = MX (⌧,t)

(s) = E
⇥
X s�1

(⌧, t)

⇤
, (8)

for any s 2 C, whenever the expectation exists. We restrict our derivations in this work to

real valued3
s 2 R. Introducing the Mellin transform in the performance analysis of wireless

fading channels results into tractable mathematical expressions when computing network cal-

culus bounds, which in turn results in scalable closed-form solutions. Using the assumption

of stationary increments of the arrival and service processes, their Mellin transforms become

independent of the time instance, and hence we write MX (s, t� ⌧). In addition, as we only

consider stable queuing systems in steady-state, the kernel becomes independent of the time

instance t and we denote K (s, t+ w

"

, t)

t!1
= K (s,�w

"

).

The strength of the Mellin-transform-based approach becomes apparent when considering

block-fading channels. The Mellin transform for the cumulative service process in SNR domain

is given by

MS (s, ⌧, t) =

t�1Y

i=⌧

M
g(�)

(s) = Mt�⌧

g(�)

(s) = MS (s, t� ⌧) ,

where M
g(�)

(s) is the Mellin transform of the stationary and independent service increment

g (�) in the SNR domain. The function g (·) is associated with the channel capacity of a point-

to-point fading channel as defined by Eq. (4). However, it can also model more complex system

3We note that by definition of X (⌧, t) = eX(⌧,t), the Mellin transform MX (s, ⌧, t) = E
h
e(s�1)X(⌧,t)

i
after substitution

of parameter s = ✓ + 1 implies also a solution for the moment-generating function (MGF), that is the basis of the effective

capacity model [27] and of an MGF network calculus [18].



Multi-Hop Kernel Function 

•  Consider some path to which link N is appended 
•  The joint kernel can be obtained recursively: 

15 

14

Theorem 1. Given a path L \ {N} of links with independent and heterogeneously distributed

service processes, with kernel KL\{N}; then KL can be obtained in terms of KL\{N} as follows

KL
(s,�w) =

M
g(�N )

(1� s)

M
g(�N )

(1� s)�M
g(�m)

(1� s)

KL\{m}
(s,�w)

+

M
g(�m)

(1� s)

M
g(�m)

(1� s)�M
g(�N )

(1� s)

KL\{N}
(s,�w)

for any m 2 {1, 2, . . . , N � 1}.

The proof for Theorem 1 is given in Appendix A. Note that this result has been previously

presented in [8].

A direct consequence of Theorem 1 and Eq. (15) is that the delay bound for path L can

be obtained from recursively computing the kernel according to the theorem. In this recursion,

the number of summands increases with the number of hops. For an N -hop path there are

2

N�1 summands, as each geometric sum results into two summands. Furthermore, the stability

condition in Eq. (10) needs to hold for every individual link n 2 {1, .., N}, i.e.,:

max

n

�
M

↵

(1 + s) · M
g(�n) (1� s)

�
< 1

has to be fulfilled. Finally, note in particular that in principle Theorem 1 can be generalized

to any link n and the path L \ {n}. This allows an efficient recomputation of the kernel in

case that any of the links of the path change their primary distribution, for instance due to a

changed propagation environment. In contrast, in case of using Eq. (14) if a single link changes

its distribution, a complete recomputation of the joint service curve characterization has to be

performed, which is significantly more complex.

We show next that the kernel described by Theorem 1 is convex in s > 0. The following

theorem states this convexity.

Theorem 2. The steady-state kernel K(s,�w) for a communication channel,

K (s,�w) =

Mw

g(�)

(1� s)

1�M
↵

(1 + s)M
g(�)

(1� s)

,

is convex in s, 8s > 0 for which the stability condition M
↵

(1 + s)M
g(�)

(1� s) < 1 holds.

Furthermore, the end-to-end kernel KL
(s,�w) for a multi-hop path L is convex in s, for every

s within the stability interval.

The proof of Theorem 2 is given in Appendix C.

N. Petreska et al. “Power-Minimization under Statistical Delay Constraints for Multi-Hop Networks,” ArXiv 2017. 



Optimizing over s 

•  For any communication channel it holds that the kernel 
 
 
 

 is convex in s.  

•  This also holds for the multi-hop kernel (as the linear 
combination of convex functions is also convex) ! 
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Theorem 1. Given a path L \ {N} of links with independent and heterogeneously distributed

service processes, with kernel KL\{N}; then KL can be obtained in terms of KL\{N} as follows
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for any m 2 {1, 2, . . . , N � 1}.

The proof for Theorem 1 is given in Appendix A. Note that this result has been previously

presented in [8].

A direct consequence of Theorem 1 and Eq. (15) is that the delay bound for path L can

be obtained from recursively computing the kernel according to the theorem. In this recursion,

the number of summands increases with the number of hops. For an N -hop path there are

2

N�1 summands, as each geometric sum results into two summands. Furthermore, the stability

condition in Eq. (10) needs to hold for every individual link n 2 {1, .., N}, i.e.,:

max

n
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M

↵

(1 + s) · M
g(�n) (1� s)
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< 1

has to be fulfilled. Finally, note in particular that in principle Theorem 1 can be generalized

to any link n and the path L \ {n}. This allows an efficient recomputation of the kernel in

case that any of the links of the path change their primary distribution, for instance due to a

changed propagation environment. In contrast, in case of using Eq. (14) if a single link changes

its distribution, a complete recomputation of the joint service curve characterization has to be

performed, which is significantly more complex.

We show next that the kernel described by Theorem 1 is convex in s > 0. The following

theorem states this convexity.

Theorem 2. The steady-state kernel K(s,�w) for a communication channel,

K (s,�w) =

Mw

g(�)

(1� s)

1�M
↵

(1 + s)M
g(�)

(1� s)

,

is convex in s, 8s > 0 for which the stability condition M
↵

(1 + s)M
g(�)

(1� s) < 1 holds.

Furthermore, the end-to-end kernel KL
(s,�w) for a multi-hop path L is convex in s, for every

s within the stability interval.

The proof of Theorem 2 is given in Appendix C.

N. Petreska et al. “Power-Minimization under Statistical Delay Constraints for Multi-Hop Networks,” ArXiv 2017. 



Example Kernel Function 
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Fig. 2: The delay bound function K(s,�w) is convex in s. It is obtained for ra = 50 bits per time slot and target

delay w = 5 time slots. Its minimum is marked with a cross and shifts to the right as the average SNR on the link

is increased.
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Fig. 3: The chosen points within the interval (0, b) for the binary search along dimension s. sl and sr mark the

middle of the left and right half of the interval, respectively, while sstart and send represent 0 and b, respectively.

defined with the input parameter �
min

. At this point, the middle point s
m

of the last considered

partition is returned as s

⇤, i.e., as the point s for which KL
(s,�w) reaches its minimum.

For the search in the second dimension along the �̄ dimension (see Algorithm 1 in Ap-

pendix B), we start by allocating a predefined maximal transmit power p
max

to each node along

the path. In each iteration, the gradient of the end-to-end kernel KL
(s

⇤
,�w) is computed for

Single-hop system, Rayleigh fading, 
CBR arrival of 50 Bit / slot 



Optimal Path Resource Allocation 

 
•  Assume we have average SNR of all links at the source 
•  Consider the problem of optimal power allocation along a 

path with probabilistic delay constraints 
•  We don’t know how to solve it exactly 
•  Idea: Optimize instead based on the bound 
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no accurate analytical model exists (to date) that can relate it precisely to the average SNRs.

The only option is to resort to system simulations to determine the corresponding SNRs. In

contrast, we propose to base system optimization on the multi-hop delay bound, as presented

above. Hence, we are interested in the solution of the following optimization problem for a given

multi-hop path L = {1, .., N}:

min

NX

j=1

p

j

,

s. t. inf

s>0

{KL
(s,�w

"

)}  "

max

j

�
M

↵

(1 + s) · M
g(�j) (1� s)

�
< 1.

Due to the complexity of the kernel function and the stability condition (see Eq. (12)), no

analytical solution for the bound-based optimal SNRs can be derived. Instead, we propose a

binary search algorithm in two dimensions (along s > 0 and along the SNRs) to solve the given

minimization problem (see Algorithm 2 in Appendix B). Notice that minimizing the SNRs �̄

j

leads to minimization of the transmit power per hop, since �̄

j

=

pj
/�

2.

As already stated in Theorem 2, the kernel described by Theorem 1 is convex in s for s 2 (0, b),

where b is the last point for which the stability condition in Eq. (10) holds. From this it follows

that the proposed algorithm results in a global bound-based minimum. Figure 2 illustrates the

kernel of several links with different average SNR, where the instantaneous channel capacity is

given by Eq. (4). The figure shows that the delay bound function of a single link K(s,�w) is

convex in s and monotone in �̄. For the computation of the kernel in the figure, we assumed

a block-fading wireless link with constant arrival rate and random service increments that are

characterized by the Shannon capacity. We further notice that, as the SNR either increases or

decreases, the optimal s⇤ (which minimizes the delay bound function) moves to the right or to

the left, repectively.

For any given transmit power vector ~p = {p
1

, . . . p

n

} and resulting fixed SNR vector ~

�̄ =

{�̄
1

, . . . �̄

n

}, the value s

⇤ for which KL
(s,�w) is minimal, is determined by performing a binary

search along the interval (0, b). The main idea here is to cut the interval (0, b) into four areas

through fixing five points (see Fig. 3), where s

m

is the middle point of (0, b). Based on this

partition, the algorithm traces the gradients and splits the range where the minimum of KL
(s,�w)

is located. The function is called recursively until the smallest size of an interval has been reached,



Algorithm Sketch 

 
•  Allocate links initially with high (maximum) transmit power 

•  If prob. delay not reachable, problem is infeasible 
•  Determine kernel gradient based on power increment  

•  Decrease transmit power for link with smallest gradient 
•  Recompute the kernel and repeat 

•  Terminate if bound is violated  

•  Works efficiently as: 
•  Kernel is convex in s (allows for efficient computation) 
•  Kernel is a monotonically decreasing function of power 
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Performance Evaluation 

 
•  Evaluation scenario: 

•  WirelessHART-related setting (slot times, transmit powers) 
•  3-hop path, spans 60 meters 
•  Path SNRs vary from homogeneous to heterogeneous 

•  Metric: Sum transmit power 

•  Comparison schemes: 
•  QoS-agnostic (maximum transmit power) 
•  QoS-aware: Equal reduction of transmit power for all links 
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Evaluation I 
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Fig. 4: Sum of the total transmit power for different 3-hop paths resulting from the power-minimization algorithm

over an increasing delay target. The target delay violation probability is fixed at " = 10�3.

be obtained in comparison to the QoS-agnostic scheme or the QoS-aware scheme. A saving of

50% hence indicates that through our power minimization algorithm the total transmit power is

half of the value resulting from the comparison scheme.

2) Numerical Results: In Fig. 4 we present the absolute required total transmit power in [mW]

of our proposed algorithm for the discussed path scenarios over an increasing target delay when

fixing the target delay violation probability. As the target delay is increased, the required total

transmit power decreases. In addition, note that the total transmit power is higher for higher

link heterogeneity. This is due to the critical link which dominates the total transmit power

consumption on the path and for which the delay can only be compensated for by other links

up to a certain point. Note that with a maximum transmit power of 4 dBm per node, the total

transmit power along the path equals to 7.5357 mW.

We next present the saving gains - in Fig. 5 in comparison to the QoS-agnostic scheme

and in Fig. 6 in comparison to the QoS-aware scheme. For both figures we consider the same

path compositions as above and vary the target delay while keeping the target delay violation

probability fixed at " = 10

�3. In Fig. 5 we observe initially that all saving gains increase

for an increasing target delay. This is a direct consequence from Fig. 4, as those values are

compared to a fixed value of 7.5357 mW in order to determine the saving gain. Hence, it is

also not surprising that the saving gain increases for more homogenous paths. In absolute terms,

20 Bit / slot, target delay fixed at 10-3 

Absolute Sum Power  



Evaluation II 

22 

24

Delay in time slots
0 2 4 6 8 10 12 14 16 18 20

Po
w

er
 G

ai
n 

in
 %

0

10

20

30

40

50

60

70

80

90

100

d=[20, 19, 21], Norm=4
d=[20, 30, 10], Norm=40
d=[5, 28, 27], Norm=46
d=[20,35,5], Norm=60
d=[5,40,15], Norm=70
d=[5,50.5,4.5], Norm=92

Fig. 5: Saving gain of the proposed power minimization algorithm in comparison to the QoS-agnostic scheme for

an increasing target delay for various 3-hop path compositions. The target delay violation probability is fixed at

" = 10�3.
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Fig. 6: Saving gain of the proposed power minimization algorithm in comparison to the QoS-aware scheme for

an increasing target delay for various 3-hop path compositions. The target delay violation probability is fixed at

" = 10�3.

the saving gains are in the range of 70% to 90% which nevertheless shows the potential of

the proposed algorithm. If we switch over to the saving gains in comparison to the QoS-aware

scheme different observations can be made (see Fig. 6). Now the total power consumption varies

as well for the comparison case, i.e., it drops in general for the larger target delays, while it

24

Delay in time slots
0 2 4 6 8 10 12 14 16 18 20

Po
w

er
 G

ai
n 

in
 %

0

10

20

30

40

50

60

70

80

90

100

d=[20, 19, 21], Norm=4
d=[20, 30, 10], Norm=40
d=[5, 28, 27], Norm=46
d=[20,35,5], Norm=60
d=[5,40,15], Norm=70
d=[5,50.5,4.5], Norm=92

Fig. 5: Saving gain of the proposed power minimization algorithm in comparison to the QoS-agnostic scheme for

an increasing target delay for various 3-hop path compositions. The target delay violation probability is fixed at

" = 10�3.

Delay in time slots
0 2 4 6 8 10 12 14 16 18 20

Po
w

er
 G

ai
n 

in
 %

0

10

20

30

40

50

60

70

d=[20, 19, 21], Norm=4
d=[20, 30, 10], Norm=40
d=[5, 28, 27], Norm=46
d=[20,35,5], Norm=60
d=[5,40,15], Norm=70
d=[5,50.5,4.5], Norm=92
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the saving gains are in the range of 70% to 90% which nevertheless shows the potential of

the proposed algorithm. If we switch over to the saving gains in comparison to the QoS-aware

scheme different observations can be made (see Fig. 6). Now the total power consumption varies

as well for the comparison case, i.e., it drops in general for the larger target delays, while it

Saving against QoS-Agnostic Saving against QoS-Aware 



Bound vs. Real Optimum ? 

•  Optimization method is based on bound 
•  How far off is the real system optimum? 

•  Repeat the power minimization algorithm, but based on 
simulations of the system, determine “optimal” power 
allocation. 
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Evaluation III 
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Fig. 8: Saving gain of the proposed power minimization algorithm in comparison to the QoS-agnostic scheme for

an increasing target delay violation probability for various 3-hop path compositions. The target delay is fixed at

w = 10 time slots.

scheme and the real optimum, which can only be obtained using simulation, becomes relevant

for our investigation. In this section, we conduct an extensive simulation study to investigate this

gap. We simulate the application in question and determine a ‘simulation-based’ optimal power

allocation. We then plot the gap between the two resulting power allocations.

For this purpose, we run Algorithm 2 with parameters r

a

= 30 bits, C = 20 symbols per

time slot and for a target delay violation probability " = 10

�3. The resulting power allocation

is set as an initial value at each simulation. Similarly as above, we observe paths of different

heterogeneity with norm R 2 {4, 46, 60, 70}. In each iteration the delay violation probability was

obtained by a simulation. The simulation follows the same approach as defined in the algorithm:

by computing the minimal gradient of the simulated delay violation probability (as in line 12

in Algorithm 2), the link whose transmit power has to be reduced in each iteration by a certain

�p is determined. Whenever no further reduction of the transmit power on any of the links

is possible, i.e., the resulting delay violation probability is bigger than the target one, �p is

halved. This is done maximum 15 times, i.e., �p is reduced by a factor of 215. The initial value

of �p = 0.01 mW.

In this way, we continue reducing the transmit power on the links along the path, beyond the

one suggested by the algorithm. This approach enables us to characterize the gap between the
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Fig. 9: Additional decrease of the total transmit power suggested by the bound-based algorithm when performing

simulations. The target delay violation probability is " = 10�3.

total transmit power computed by the proposed bound-based power minimization in comparison

to the total transmit power obtained via simulations of the analogous process, s.t. the resulting

simulated delay violation probability is close to " from below. We illustrate this additional power

saving in Fig. 8 and Fig. 9. The former figure depicts the difference between the total transmit

power obtained by the algorithm and the one obtained with simulations in absolute terms. A

total transmit power of 7.5357 mW represents the cases for which applying even the maximal

possible transmit power of approx. 2.5 mW per node does not result into meeting the desired

target delay. We notice that, in absolute terms, the additional decrease of the total transmit power

while performing system-based optimization is rather small for all scenarios. Fig. 9 represents

the additional power gain w.r.t. the total transmit power obtained from the described approach.

As it can be seen, while the power gain is as big as 47% for paths of low heterogeneity and

small target delays, it converges to around 15% for longer delays for diverse path heterogeneity.

This means, that the actual system optimum, if obtained by simulations, will enable an additional

15% decrease in the total transmit power of the path in comparison to the bound-based power

minimization. This power gap is generally significantly smaller for more heterogeneous paths.

Note however, that, even if a further decrease of the total power by more than 15% is observed

for various scenarios, the proposed bound-based power-minimization algorithm can be used as a

good estimate on the system performance, providing at a same time delay guarantees. Moreover,

Absolute Sum Power Ratio Sim / Bound 



Conclusions 

•  MTC applications require new designs for networks 
•  Latency & reliability play crucial role  

•  Wireless system analysis has to be coupled with queue 
analysis regarding MTC applications 
•  Preferred tool: Stochastic network calculus 

•  Demonstrated analysis of multi-hop system with bound-based 
optimization of resource allocations 
•  Bound based optimization leads to significant power savings 
•  Bound based optimal solution still less efficient than real optimum 
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